FIBERS OF CHARACTERS IN GELFAND-TSETLIN 
CATEGORIES 

VYACHESLAV FUTORNY AND SERGE OVSIENKO 



Abstract. We solve the problem of extension of characters of commutative 
subalgebras in associative (noncommutativc) algebras for a class of subrings 
(Galois orders) in skew group rings. These results can be viewed as a noncom- 
mutativc analogue of liftings of prime ideals in the case of integral extensions 
of commutative rings. The proposed approach can be applied to the rep- 
resentation theory of many infinite dimensional algebras including universal 
enveloping algebras of reductive Lie algebras, Yangians and finite W-algebras. 
In particular, we develop a theory of Gelfand-Tsetlin modules for gl n . Be- 
sides classification results we characterize their categories in the generic case 
extending the classical results on gl 2 . 
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1. Introduction 

The functors of restriction onto subalgebras and induction from subalgcbras 
are important tools in the representation theory. The effectiveness of these tools 
depends upon the choice of a subalgebra. Denote by SpecmA (Spec A) the space of 
maximal (prime) ideals in A, endowed with the Zarisky topology. In the classical 
commutative algebra setup, an integral extension A C B of two commutative rings 
induces a map tp : Spec B — > Spec A, whose fibers are non-empty for every point of 
Spec A (e.g. A = B G , where G is a finite subgroup of the automorphism group of 
B). In particular, every character of A can be extended to a character of its integral 
extension B. Moreover, if B is finite over A then all fibers 1 (Z) , / S SpccA are 
finite, and hence, the number of extensions of a character of A is finite. The Hilbcrt- 
Noether theorem provides an example of such situation with B being the symmetric 
algebra on a finite-dimensional vector space V and A = B G , where G is a finite 
subgroup of GL(V). 

The primary goal of this paper is to generalize these results to "semi- commuta- 
tive" pairs r C U where U is an associative (noncommutative) algebra over a base 
field k and T is an integral domain. The canonical embedding r C U induces a 
functor from the category of [/-modules which are direct sums of finite dimensional 
T- modules ( Gelfand- Tsetlin modules with respect to T) to the category of torsion T- 
modulcs. This functor induces a "multivalued function" from Spccmr associating 
to an ideal m € SpecmT the fiber $(m) of left maximal ideals of U that contain 
m. Our goal is to find natural sufficient conditions for the fibers to be non-empty 
and finite for any point in Spccmr. On the other hand, for a maximal left ideal 
I C U such that U/I is a Gclfand-Tsetlin module, it is interesting to investigate 
its support in Spccmr (i.e. the set of m £ SpecmT, such that T/m is a subfactor 
of U/I as a T-module) and find the multiplicity of T/m in U/I. 

A motivation for the study of such pairs (U, T) comes from the representation 
theory. The classical framework of Harish- Chandra modules ([D], Ch. 9) is related 
to a pair of a reductive Lie algebra T and its reductive subalgebra T\ where U 
and r are their universal enveloping algebras respectively. A more general concept 
of Harish-Chandra modules (related to a pair (U, T)) was introduced in [DF02]. 

The case when U is the universal enveloping algebra of a reductive finite dimen- 
sional Lie algebra and F is the universal enveloping algebra of a Cartan subalgebra 
leads to the theory of Harish-Chandra modules with respect to this Cartan subalge- 
bra, commonly known as generalized weight modules. Classification of such simple 
modules is well known for gl 2 and for any simple finite-dimensional Lie algebra for 
modules with finite-dimensional weight spaces, due to Fernando [Fe] and Mathieu 
[Ma] . It remains an open problem in general. To approach this classification prob- 
lem, the full subcategory of weight Gelfand-Tsetlin [/(gLJ-modules with respect to 
the Gelfand-Tsetlin subalgebra was introduced in [DFOl]. This class is based on 
natural properties of a Gelfand-Tsetlin basis for finite-dimensional representations 
of simple classical Lie algebras [GTs] , [Zh] , [M] . 

Gelfand-Tsetlin subalgebras were considered in [FM] in connection with the so- 
lutions of the Eulcr equation, in [Vi] in connection with subalgebras of maximal 
Gelfand-Kirillov dimension in the universal enveloping algebra of a simple Lie al- 
gebra, in [KW1], [KW2] in connection with classical mechanics, and also in [Gr] 
in connection with general hypergeometric functions on the Lie group GL(n,<C). 
A similar approach was used by Okunkov and Vershik in their study of the repre- 
sentations of the symmetric group S n [OV] , with U being the group algebra of S n 
and r being the maximal commutative subalgebra generated by the Jucys-Murphy 
elements 

(li) + . . . + (i - li) , i = 1, . . . , n. 
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In this case the elements of Specm T parametrize basis of irreducible representations 
of U. Recent advances in the representation theory of Yangians ([FMO]) and finite 
IF-algebras ([FMOl]) are also based on similar techniques. 

What is the intrinsic reason of the existence of Gelfand-Tsetlin formulae and of 
the successful study of Gclfand-Tsctlin representations of various classes of alge- 
bras? This question led us to the introduction in [FOl] of concepts of Galois rings 
and Galois orders in invariant skew (semi)group rings. 

For the rest of the paper we assume that Y is a commutative domain, K the 
field of fractions of Y , K C L a finite Galois extension, M C AutL a submonoid 
closed under conjugation by the elements of the Galois group G = G(L/K). We 
will always assume that if for any mi,?7i2 £ 3VC from 

mi\ K = m 2 \K 

follows mi = m 2 . Such monoid M we call separating with respect to K . 

The group G acts on the skew semigroup ring L*M, via the action (lm) 9 = l 9 m 9 , 
where m 9 = g~ 1 mg. By % we denote the subring of G-invariants (L*M) G C L*M. 

Definition 1. A Galois ring U over Y is a finitely generated over Y subring in % 
such that KU = UK = %. A Galois ring U over Y is called right (respectively 
left) order if for any finite dimensional right (respectively left) K-subspace W C OC 
(respectively W C OC), W D U is a finitely generated right (respectively left) Y- 
module. A Galois ring is order if it is both right and left order ([FOl]). 

Galois orders arc natural versions of "noncommutative orders" in skew semigroup 
rings of invariants. In comparison with the classical notion of an order we note, 
that r C U is not central, but maximal commutative subalgebra. 

A class of Galois orders includes in particular the following subrings in the cor- 
responding skew group rings ([FOl]): Generalized Weyl algebras over integral do- 
mains with infinite order automorphisms, e.g. ri-th Weyl algebra A ni quantum 
plane, g-deformed Heisenberg algebra, quantized Weyl algebras, Witten-Worono- 
wicz algebra among the others ([Ba], [BavO]); the universal enveloping algebra of 
gl n over the Gclfand-Tsctlin subalgebra ([DFOl], [DF02]), associated shifted Yan- 
gians and finite IF-algebras ([FMO], [FMOl]); certain rings of invariant differential 
operators on torus. In Section 2 we present some necessary facts about Galois 
orders. 

In this paper we develop a representation theory of Galois orders. The main tool 
for our investigation of categories of representation is a technique from [DF02] . In 
Section 3 we give a detailed exposition of the results from [DF02] adapted for case 
of a commutative subalgebra considered in this paper. 

Last two sections are devoted to the representation theory of Galois orders. 
We emphasize that the theory of Galois orders unifies the representation theories 
of universal enveloping algebras and generalized Weyl algebras. Our main result 
establishes sufficient conditions for the fiber $(m) to be nontrivial and finite. Let 
l m be any lifting of m to the integral closure of T in L, M m the stabilizer of l m 
in M. Note that the group M m is defined uniquely up to G-conjugation, hence its 
cardinality is correctly defined. 

Our main result is the following 

Theorem A. Let T be a commutative domain which is finitely generated as a k- 
algebra, U a Galois ring over Y , m € Specm Y . Suppose that M m is finite. 

• If U is a right Galois order over Y then the fiber <i>(m) is non-empty. 

• If U is a Galois order over Y then the fiber <!>(m) is finite. 
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The methods we use in the proof of these results allow us to show that Gclfand- 
Tsetlin modules for a large class of Galois orders over V have similar "nice" prop- 
erties. For any m € SpecmT with finite M m we obtain an effective estimate for the 
number of isomorphism classes of simple Gelfand-Tsetlin modules M whose support 
contains m and for the dimension of generalized weight spaces M(m) (Theorem 5.2). 
In particular, for U = C/(gl„) these numbers are limited by 2! ... (n — 1)!. 

In Section 4 we collected the results related to Gelfand-Tsetlin representations 
in "general position" . The corresponding blocks in module category have a unique 
simple representation, and such a block is equivalent to the category of finite di- 
mensional representations of a completed commutative algebra. As an application 
we obtain a version of the Harish-Chandra theorem for Galois orders, (Theorem B, 



Theorem B. Let T a commutative domain which is finitely generated and normal 
as a h-algebra, U a Galois order over T with M being a group. 

(1) There exists a massive subset W C SpccmT such that for any m G W , 
|<f>(m)| = 1 and hence there exists a unique simple U -module L m whose 
support contains m. 

(2) The extension category generated by L m contains all indecomposable mod- 
ules whose support contains m and it is equivalent to the category of modules 
over the completion T m . 

(3) If M is a group, then for any nonzero u G U there exists a massive set 
of non-isomorphic simple Gelfand-Tsetlin U -modules on which u acts non- 
trivially. 

Note, that in the case U = U(sh) the structure of the category of Gelfand- 
Tsetlin modules is well known (see, e.g. [Dr]). This category splits into a direct 
sum of blocks, and each block is equivalent to the category of finite dimensional 
representations of complete algebras over k[c] , where c G U is the Casimir element 
and m G Spccmk[c] is a maximal ideal which acts on the corresponding block 
nilpotcntly. These algebras are presented by the quivers 



The first quiver corresponds to the case of generic blocks, while the second case 
corresponds to the blocks which contain Verma module, but does not contain a 
finite dimensional module. The third quiver corresponds to the blocks, containing 
a finite dimensional sl2-module. Besides, in this last case holds the relation ab = cd. 
1 In the situation of an arbitrary Galois order (even in the case of the universal 
enveloping algebra of sl n ) we are far from such detailed description of the blocks of 
the category of Gelfand-Tsetlin modules. Nevertheless we are able to characterize 
the structure of generic blocks. Theorem B above describes the generic blocks of 
the category of Gelfand-Tsetlin modules, the situation is analogous to the case of 
SI2, namely generic blocks are equivalent to module categories for the algebra of 
formal power series. 

A step in the direction of a characterization of the structure of the blocks of the 
category of Gelfand-Tsetlin modules is Proposition 5.1. In Section 5 we establish 
sufficient conditions under which a block of a Gelfand-Tsetlin category contains 
a finite number of non-isomorphic simple modules (Corollary 5.5). Note that an 
analogue of this statement (see [DF02], Theorem 32) allows to prove the statement, 



The problem of classification of finite dimensional modules over this algebra is a famous 
"Gclfand problem" , [Ge] . 



(3))- 
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that the "subgeneric" blocks of Gelfand-Tsetlin modules for U(g\ n ) are described 
by a finite quiver with relations. The structure of the blocks, and closely related 
question of the finiteness of length of the left U— module U/Um we will discuss in 
a subsequent paper. 

We note here an important connection which arose in the case when U = U(g\ n ) 
and r C U is a Gelfand-Tsetlin subalgcbra. In this case an important role is played 
by the variety of so-called strongly nilpotent matrices ([O]). In was shown in [O] 
that this variety is a complete intersection. In particular, it implies that U is free 
both as a right and as a left F- module ([F02]). Kostant and Wallach ([KW1], 
[KW2]) introduced a generalization of the variety of strongly nilpotent matrices 
and revealed a deep relation between this variety and the hamiltonian mechanics. 
A connection between Gelfand-Tsetlin representations of U and the structure of the 
Kostant- Wallach variety is evidently important and should be a topic of a further 
study. 

In this paper we apply the theory only to Lie algebras of type A, but we believe it 
can be extended to other types. This technique was used in [FMOl] to address the 
classification problem of irreducible Gelfand-Tsetlin modules for finite W -algebras 
and shifted Yangians associated with gl n and to prove an analogue of the Gelfand- 
Kirillov conjecture for these algebras. 

2. Preliminaries 

2.1. Notations. All fields in the paper contain the base field k, which is alge- 
braically closed of characteristic 0. All algebras in the paper are k-algebras. If A is 
an associative ring then by A — mod we denote the category of finitely generated left 
A-modules. Let 6 be a k-category, i.e. all Home-sets are endowed with a structure 
of a k-vector space and all the compositions maps are k-bilinear. The category of C- 
modulcs C — Mod is defined as the category of k-linear functors M : 6 — > k — Mod, 
where k — Mod is the category of k-vector spaces. The category of locally finitely 
generated C-modules we denote by C — mod. Let G be a group, X a G-set, then 
by X/G we denote the corresponding factor-set and by X G the set of G-invariants. 
For a set X by \X\ we denote the cardinality of X. Let G be a group, H C G a 

subgroup. Then the notation ^ F (g) will mean, that element g runs a set of 

gec/H 

representatives ofG/H under the assumption that the sum does non depend on the 
choice of these representatives. 

2.2. Integral extensions. Let A be an integral commutative domain, K its field 
of fractions and A the integral closure of A in K, The ring A is called normal if 
A = A. The following is standard 

Proposition 2.1. Let A be a normal noetherian ring, K C L a finite Galois 
extension, A is the integral closure of A in L. Then A is a finite A-module. 

Let i : A B be an integral extension. Then it induces a surjective map 
SpecmB — > SpecmA (SpccS — > Spec A). In particular, for any character x '■ 
A — > k there exists a character x '■ B — > k such that x\a = X- If, in addition, B is 
finite over A, i.e. finitely generated as an A-module, then the number of different 
characters of B which correspond to the same character of A, is finite. 

Corollary 2.1. ([S], Ch. Ill, Prop. 11, Prop. 16) If A is a finitely generated 
k-algebra then for any character x '■ A — > k there exists finitely many characters 
X ■ A — > k such that x\a = X- 

The following statement is probably well known but in [FOl] we include the 
proof for the convenience of the reader. Note that we consider Proposition 2.2 as a 
motivation for introducing the notion of a Galois order. 



() 



VYACHESLAV FUTORNY AND SERGE OVSIENKO 



Proposition 2.2. ('[FOl],) Let i : A B be an embedding of integral domains with 
a regular A. Assume the induced morphism of varieties i* : SpecmB — > SpecmA 
is surjective (e.g. A C B is an integral extension). If 'b G B and ab G A for some 
nonzero a £ A then b G A. 

2.3. Skew (semi)group rings. Let R be a ring, M a submonoid of Auti?. The 

skew semigroup ring, R * M, is a free left R- module with a basis M and with the 
multiplication 

(rirai) ■ (r 2 m 2 ) = (r 1 r 2 ni ){m 1 m 2 ), m 1 ,m 2 G M, r x ,r 2 G R. 

If a; G R * M and to G M then denote by x m the element in R such that 
a; = x mjn- Set 

mG3Vt 

suppx = {to G M|x m ^ 0}. 
If a finite group G acts by automorphisms on R and by conjugations on M then 
G acts on R * M. Denote by (i? * M) G the invariants under this action. Then 
x G (R * M) G if and only if x m g = x^ for to G M, g G G. 
For G Aut R and a e R set H v = {/;, G G|<,s' 1 = and 

(1) [atp] := J2 «V 9 e(i?*M) G . 2 

Then 



(i?*M) G = (i?*M) G , where 

(2) ^M/G 

(i?*M) G = {MI«ei?^}. 
We will use the following formulae: 

(3) 7 ■ [a<p] = [(arfip], [a<p] ■ 7 = [(a-y v )(p\, 7 G R G , 

and [cup] = [<pa v ]. 

Remark 2.1. The formulae (3) means, that as left R-module R[aip\R is isomorphic 
to RR V and as a right R-module R[atp]R is isomorphic to RR V 

2.4. Galois rings. The notations and results Subsection 2.3 we will use in the case 
when R = L is a field, K C L is a finite Galois extension of fields, G = G(L/K) its 
Galois group. We will denote by 1 the canonical embedding K <— > L. Recall, that 
we will use the notations introduced before Definition 1. 

Let S C M be a finite G-invariant subset, V C % a r-subbimodule. Then we 
introduce the following r-subbimodule in V 

(4) V(S) = {x G V I supp ICS} 
We need the following simple fact. 

Lemma 2.1. Jn i/ie assumption above the right and the left dimensions of 3C(S) 
coincides with \S/G\. 

In particular, for any tp G M holds 

(5) dim* % v = [L H - : K] = [G : H v ] = \Gtp\. 

% v is irreducible as a A'-bimodulc. Such bimodule is denoted in [FOl] by V(tp). 



Recall, that the notation g € G/H^p means that g runs over a set of representatives of cosets 
from G/Hip and the result does not depend on a choice of these representatives. 
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Note also, that since T acts torsion-free on % both from the left and from the 
right, wc obtain that the canonical maps 

(6) e r : U <8>r K — ► OC, ux, u G U, x G K; 

ei : K ®r U — ► DC, x <£> u i— > m, u £ U,x & K 

isomorphism of T — A and A" — T-bimodules correspondingly. 

Recall, that the monoid M C Aut L from definition of a Galois ring we assume 
to be separating (with respect to A), i.e. if for any mi,77i2 G M the equality 
ffiilif = TO2|_r- implies m\ = 7712. An automorphism ip : L — ► L is called separating 
(with respect to AT) if the monoid generated by {if 9 | g E G} in Aut L is separating. 

Lemma 2.2. ('[FOl], Proposition 2.3) Let M. be a separating monoid with respect 
to K . Then 

(1) Mf)G = {e}. 

(2) For any m E JVC, to ^ e £/iere exists 7 E A' suc/i £/iat 7" 1 7^ 7. 

(3) If Gm\G = GrniG for some mi, mi £ M, i/ien t/iere exists g E G smc/i t/iai 
mi = m|. 

(4) If JA is a group, then the statements (1), (2), (3) are equivalent and each 
of them implies that M is separating. 

Let Z7 be a Galois T-ring over T (cf. Introduction). Denote by i the canonical 
embedding i : F «-» f7. 

Lemma 2.3. (compare [FOl], Lemma J^.l) Let u £ U be nonzero element, 

T = suppit, u = [a m m]. 

rn£T 

Then 

K{TuT) = {TuT)K = KuK = V{a m m), 

mET 

where V(a m m) = K[a m m] K is an irreducible K-bimodule. 

In particular it shows that for every to E M, U contains the elements [&ito], . . . , 
[bkm] where b\, . . . , bk is a A"-basis in L Hm . Let e E M be the unit element and 
U e = U n Le. 

Theorem 2.1. flFOl], Theorem 4-1) Let U be a Galois ring over T. Then 

(1) U e C K. 

(2) U Pi K is a maximal commutative h-subalgebra in U . 

(3) T/ie cenier Z(U) of U equals U n A M . 

2.5. Galois orders and Harish- Chandra subalgebras. In this section we recall 
the basic properties of Galois orders following [FOl]. For simplicity we only consider 
right Galois orders. Let M be a right r-submodule of a Galois order U over T. Set 

B r (M) = {u E U\ there exists 7 E T, 7 ^ such that 11-76 M}. 

We have the following characterization of Galois orders. 

Proposition 2.3. ('[FOl], Proposition 5.1) A Galois ring U over a noetherian F 
is a right order if and only if for every finitely generated right V -module M C U , 
the right T -module B r (M) is finitely generated. 

In particular, if U is right integral then r C U e is an integral extension and U e 
is a normal ring. 

Recall that T is called a Harish- Chandra subalgebra in U if Titr is finitely gen- 
erated both as a left and as a right T- module for any u G U [DF02]. We will also 
say that T is a right (left) Harish- Chandra subalgebra if TuT is finitely generated 
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as a right (left) r-module for any u G U. Note, that these property is enough to 
check for some set of generators of the ring U over T. Harish-Chandra subalgebras 
of Galois rings have the following properties. 

Proposition 2.4. If U is a right (left) Galois order over a noetherian T then for 
any me M holds m^fT) C f (m(T) ct). 

Proposition 2.5. Assume T is finitely generated algebra over k, U is a Galois 
ring. Then T is a Harish-Chandra subalgebra in U if and only if m ■ T = T for 
every mfM. 

Proposition 2.6. flFOl], Corollary 5.3) If U is a Galois order over T and T is a 
noetherian h-algebra then T is a Harish-Chandra subalgebra in U . 

The next Lemma is a main technical tool in our investigation of representations 
of Galois orders. Let S C M be a finite G-invariant subset. Denote 

U(S) = {ueU\ suppu C S}. 

For every / G T consider fg C V <E>k K as follows 

\s\ 

(7) /s = II(/® 1 - 1 ®/ s ") = E/ |s| " l ® T - ( r " = 1 )- 

ses i=o 

Similarly we define f l s = Jl (f s ® 1 - 1 ® /) e K ® k V. 

ses 

Lemma 2.4. f[F01], Lemma 5.2) I/m _1 (r) C f (m(T) C f respectively) for 
all m S M, then for any G-invariant subset X C M and fx — fx (fx = fx 
respectively) holds fx G T ®k T. Besides for a G-invariant subset ScM holds the 
following. 

(1) u G U(S) if and only if fs ■ u — for every f G T. 

(2) If T = suppit \ S then fx -U G ^(S 1 ) /or every f G T. 

n 

(3) If fs = J~]fi® 9i, [am] e L*M then 

i=l 

n 

/s ■ [am] = [(£/ lff >H = []!(/- / TOS_1 )«H- 

i=i ses 

(4) Lei S be a G-orbit and T an G-invariant subset in M. T/ie Y-bimodule 
homomorphism Pg (= Pg(f)) ■ U(T) — ► U(S), u i— > /yxg ■ u, f £ T is 
either zero or Ker Pj = U(T\S). 

(5) Let S = 5i U ■ • • U 5 n fc i/ie decomposition of S in G-orbits and P<? : 
{/(iS) — > U(Si), i = 1, ... ,n are defined in (4) nonzero homomorphisms. 
Then the homomorphism 

n 

(8) F s :[/(S)^0C/(S,), P s = (Pl,...,Pl), 

i=l 

is a monomorphism. 

We have the following equivalent conditions for Galois ring to be a Galois order. 

Theorem 2.2. (of. [FOl], Theorem 5.1) Let U be a Galois ring over a noetherian 
r ana 1 assume that T is a right (left) Harish-Chandra k-subalgebra of U . Then the 
following statements are equivalent. 

(1) U is right (respectively left) Galois order. 

(2) U(S) is finitely generated right (respectively left) T -module for any finite 
G-invariant S C M. 
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(3) U(G ■ m) is finitely generated right ( respectively left) T-module for any m G 



Theorem 2.3. (cf. [FOl], Theorem 5.2) Let U be a Galois ring over a noetherian 
r and M a subgroup of Ant L. 

(1) If U e is integral extension of T and m (T) C T (respectively m(T) G T), 
then U is a right (respectively left) Galois order if and only if U e is an 
integral extension ofT. 

(2) If U e is an integral extension ofT and T is a Harish- Chandra fc-subalgebra 
in U , then U is Galois order over T. 

The corollary below gives us a converse statement to Theorem B. 

Corollary 2.2. Let U C L * M be a Galois ring over a noetherian T. If every 

character \ '■ F ► k extends to a representation of U then U e C TDK. If in 

addition M is a group and T is a Harish- Chandra subalgebra then U is a Galois 
order. 

Proof. If x extends to a representation of U, then it extends to a representation of 
U e C K in particular. Proposition 2.2 implies that U e belongs to the integral closure 
of r in K . The second statement follows immediately from Theorem 2.3. □ 

The next corollary sets a bridge between the theory of (noncommutative) Galois 
orders and commutative case in Proposition 2.2. 

Corollary 2.3. ('[FOl], Corollary 5.6) Let U C L * M be a Galois ring over noe- 
therian r, M a group and T a normal k-algebra. Then the following statements are 
eguivalent 

(1) U is a Galois order. 

(2) r is a Harish- Chandra subalgebra and, if for u € U there exists a nonzero 
7 G r such that 711 G f or wy G T, then u € T. 



3.1. Motivation. The constructions of this section are the main tools we will use 
to investigate the class of Gelfand-Tsetlin [/-modules. First such constructions 
appeared in [DF02] in general setting, but for our purposes we consider here a 
special case of a commutative subalgebra T and present it in details. In this section 
we just assume that I is a commutative Harish-Chandra subalgebra in a finitely 
generated associative algebra U. 

Before going into details wc give some motivation of the constructions below. Let 
U be a finite dimensional associative algebra over k, R C U its Levi subalgebra, 

n 

r G U the center of R. Then T = © ke,, where {ei, . . . , e n } is the complete (i.e. 

i— 1 

ei + ■ • • + e„ = 1) family of mutually orthogonal idcmpotents. Obviously, r G U is 
a Harish-Chandra subalgebra. 

This data allows to present U as a ring of the n x n matrices of the form 



with the standard multiplication. This presentation is called the two-sided Pierce 
decomposition of U . Besides, we can associate with U a k-linear category 



M. 



3. Gelfand-Tsetlin categories 





A = A(U;T) where Ob.A = {1, . . .,n}, A(i,j) = ejUe i: 
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and the composition of morphism is defined by the multiplication in U. One simple 
but important remark is the existence of the canonical isomorphism 

(10) [/ - Mod ~ ./I - Mod . 

If r = R, equivalently, U is a basic (or Morita reduced) algebra, then the category 
A is presented usually as a quiver with relations. This presentation is the key 
feature in the study of finite dimensional representations of U (see e.g. [DK], [GR] 
for details). 

The definition of A can be rewritten as follows. As objects of A one can consider 
SpecmT = {mi, . . . , m„}, where is the kernel of the projection of T onto kej. 
Besides, set -A(m,, rtij) = T/rr\j <E>r U <E)r r/rrij with the composition of morphisms 
induced by the multiplication in U. The construction of the category A in [DF02] 
can be considered as a generalization of the two sided Pierce decomposition. The 
construction below (see Definition 3) is a special case of a commutative Harish- 
Chandra subalgebra r C U, where U is not necessary finite dimensional. As above, 
we associate with the pair r C U a category A with Ob A = Specm T. Unfortu- 
nately, there is no equivalence of categories of [/-modules and ^-modules. Instead 
we have a weaker result for the full subcategory of Gelfand-Tsetlin [/-modules (see 
Theorem 3.2). 

3.2. Gelfand-Tsetlin modules. We assume U an algebra over k and r C U is a 
commutative finitely generated subalgebra. The following is the key notion of the 
paper. 

Definition 2. A finitely generated V -module M is called Gelfand-Tsetlin module 
(with respect to T) provided that the restriction M|r is a direct sum of T -modules 

(11) M\ r = M(m), 

mfESpccmr 

where 

M(m) = {v G M\m k v = for some k > 0}. 

When for all m G Specm T and all x G M(m) holds ma; = such Gelfand- 
Tsetlin module M is called weight module (with respect toT). More generally, for 
a left (right) T-module X and m G Specm T we call an clement x G X left (right) 
m-nilpotent, provided that m k x — (xm fc = 0) for some k > 1. 

All Gelfand-Tsetlin modules form a full abelian and closed with respect to ex- 
tensions subcategory H(Z7, V) in U — mod. A full subcategory of W(U, T) consisting 
of weight Gelfand-Tsetlin we denote by BW{U, V). 

The support of a Gelfand-Tsetlin module M is a set 

suppM = {m G SpecmT | M(m) ^ 0}. 

For D C SpecmT denote by M(U, V, D) the full subcategory in M(U, T) formed by 
M such that suppA/ C D. For a given m G SpecmT we denote by \m ■ T — > T/m 
the corresponding character of T. Conversely, for a character x '■ T — > k denote 
m x = Ker x, so we will identify the set of all characters of T with Specm T. If there 
exists a simple Gelfand-Tsetlin module M with M(m) ^ then we say that the 
character Xm lifts to M. 

From now on we assume that T is a Harish- Chandra subalgebra in U. For a 
T-bimodule V any pair (m, n) G Specm T x Specm T and to, n > we will use the 
following notations: 

n „I/ = V/n n V, V mm = V/Vm m , „ n V m m = V/(n n V + Vm m ). 

For a G U and V = TaT denote the first two bimodules above by L a ,m and R a , n 
respectively. 
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Lemma 3.1. In the assumption above holds the following. 

(1) The modules L a , m , Ra,n are finite dimensional. 

(2) Any from the following three conditions 

(a) T/n is the subquotient of L aj i as a left T-module. 

(b) T/m is the subquotient of R a .\ o-s a right T-module. 

(c) r/n ® r Tar ® r r/m ^ 0. 

defines the same set X a of pairs (m, n) G SpecmT x SpecmT. 

(3) For m, n <G SpecmT define the set 

X a (m) = {ne SpecmT | (m, n) G X a } 

and the set 

X a (n) = {m G SpecmT | (m, n) 6 X a }. 

Then both X a (m) and X a (n) are finite. Besides, the kernels of simple 
subquotients of all L am (respectively R an ) belong to X a (m) (respectively 

(4) Let M be a Gelfand-Tsetlin U -module, m G Specmr. Then 

(12) oM(m) C ]T A/ ( n )' 

neX a (m) 

(5) Let M be a Gelfand-Tsetlin U -module, 7r n : M — > M{n), n G SpecmT the 
canonical projection and m X a (n). Then 

(13) ir n (aM(m)) = 0. 

(6) If X is a finite- dimensional T— module then U ®r X is a Gelfand-Tsetlin 
module. 

Proof. We will prove the statements for L a ^ m . The case of R a , n is analogous. 

Since T is finitely generated, dim^r/m 1 ™ < oo. Then L a m ~ TaT ®r T/m m is 

finite dimensional, since TaT is finitely generated as a right T-module. This proves 
t 

(1). If L a m = © Lfe is a decomposition into a direct sum of indecomposable left 

k=l 

T-modules, then for every k = 1, . . . ,t there exists rife G SpecmT and > 1, such 
that n^ fc Lfc = 0. In particular, the subquotients Lfc are isomorphic to T/rife. On the 
other hand, T/n (x) r ~ Lk/r\Lk is nonzero if and only if n = n^,, which, together 
with (1), proves (2) and (3). To prove (4) consider any x G M(m). Then there 
exists m > 1, such that m m x = 0. It follows that the left T-submodule TaTa; C M 
is the factor of L a ,m m - Then the statement follows from (3). The statement (5) is 
proved analogously. To show (6) it is enough to consider the case dim^ V = 1. But 
then the statement follows from (1). □ 

Denote by A the minimal equivalence on SpecmT containing all X a , a (zU and 
by A(U,T) the set of the A— equivalence classes on SpecmT. 

Lemma 3.2. Let X,X' be Gelfand-Tsetlin modules, suppX C D, suppX' C D' , 
where D and D' are different classes of /^.-equivalence. Then 

YLomu{X,X') = 0, Ext^X, X') = 0. 

Proof. Obviously, Homr(X, X') = all the moreover Homj/(X, X') = 0. It is 
enough to prove that every exact sequence in U — mod 

— > X' ^ X — >0 

splits. Since D n D 1 = 0, this sequence splits uniquely as a sequence of T-modulcs, 
thus we can assume 



F(m) =X'{m)@X{m),m GsuppF. 
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Since D H D' = 0, in this sum either X'(m) = or X(m) = 0. For a e U holds 
aX'(m) C X' and aX{m) C X, by Lemma 3.1, (4). Hence X' and X are [/- 
submodules in Y. □ 

Immediately from Lemma 3.1, (4), (5) and Lemma 3.2 we obtain the following 
Corollary 3.1. 

H(Z7,r)= M(U,T,D). 
DeA(u,r) 

The subcategory W(U, F, D), where D e A(Z7, F) will be called a Mocfc of H(J7, T). 

3.3. The category A. For a r-bimodulc V denote by n V m the 7-adic completion 
of r <E>k F- module V, where / C V <E) T is a maximal ideal I = n ® T + T ® m, in 
other words 

„V m = lim n nF m m. 

n,m 

Let B be a F-bimodule, satisfying the Harish- Chandra condition: every finite 
generated bimodule in B is finitely generated both from the left and from the right. 
Denote by F(B) the set of finitely generated F-subbimodules in B. Note, that if 
V, W € F(B) and V C U , then the canonical embedding induces a monomorphism 
n y m ^ n W m . It allows us to give the following definition. 

The finitary completion n B m of the bimodule B by the ideal 7 = n®r + r®m 
is a (F ® F)/ module 

(14) n B m = hm n V m . 

VeF(B) 

For any V S F(B), m, n 6 SpecmT, m,n > we have a family of r-bimodulc 
morphisms 

n Vrn ^n" * / m m ^n" B m m , 

where the first is the canonical map from the projective limit and the second is 
induced by the embedding V C B. This family defines a homomorphism 

* :„ B m = lim n y m — > hm n «S m m = n S m . 

If £> is finitely generated as r-bimodulc then ^ is an isomorphism. 
For m G SpecmT denote by r m = limr/m" 1 the completion of T. 

1 — m 

Definition 3. Define a category A = Au.r with objects Ob^l = SpecmL. The 
space of morphisms from m to n is defined as the completion of U , i.e. 

A(m,n) = n U m (= lim lim n nV m m.) 

V'eF(!7) ",to 

The spaces .A(m, n) are endowed with the standard topology defined by the 
limits. Besides, any A(m, n) is endowed with a canonical structure of a completed 
Ln — r m -bimodulc. For I G SpecmT set 

'V mm = {a e V m ™ \\ l a = for some I > 1}, 
n n K 1 = {6 6 n „y | 61' = for some i > 1}. 

For V C U consider V m ™ as a left T-module. By Lemma 3.1, (3) for every n6F 
there exists a finite set X a (m) = {ni, . . . , n^} and N > 1, N = N(a, m), such that 
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annihilates the class a of a in V/Vm m . Hence by the Chinese remainder 

theorem 

V m m = ] V m m, where X m = (J X a (m) 

\GX m a£V 

(15) and 

nnV = n „ V 1 , where X" = (J X». 

Lemma 3.3. (1) Let D, D' C SpecmT be two different classes of A-equi- 
valence, m G D, n G D'. Then A(m, n) = 0. 

(2) We have a decomposition of A into a direct sum of its full subcategories, 

A = Ae>, 
DeA(c/,r) 

where Ad is the restriction of A on D. 

(3) If for a G U holds n X a (m), then the class of a in A{m, n) equals 0. 

(4) If for a G U holds m g" A" a (n), i/ien i/ie class of a in A(m, n) equals 0. 

Proof. Let m G SpecmT and m > 1. Then 

n nU mm = r/n" ® r C/ m ™ = r/n" ® r 'lf m » = r/n" ®r 'tf m m. 

ieA m (ex m 

If m and n belong to different classes of A-equivalence, then n ^ I and all the sum- 
mands in the last sum equal 0. It proves (1). The statement (2) follows immediately 
from (1). The statements (3) and (4) are proved analogously to (1). □ 

Let V and W be finitely generated T-subbimodulcs in U . Then the bimodule T C 
U , spanned by all products vw, v 6 V, w € W , is finitely generated subbimodulc 
in U , since T is a Harish-Chandra subalgebra in U. Denote by /i : V ®r W — ► T 
the map fi(v ®w) = vw, v € V, w 6 W. 

For a T-bimodulc £? denote by n »l m m (= n nll m m(B)) the canonical epimorphism 

n nl mm : B — > 5/(n"B + Bm m ). 

Lemma 3.4. Let V,W C U be finitely generated T-bimodules, T = VW, m, n G 
SpccmT, m,n > 0. 

(1) For p, p' G SpccmT, p ^ p' /joZcfo n n F p ® r p V m ™ = 0. 

(2) TTie induced by the decomposition (15) homomorphism 

* : (n« ^ P ®r p VF m . ) — ► ® r 

pex n nx m 

is an isomorphism of T-bimodules. 

(3) There exists P > (= -P(m, n,m,n,V,W)), such that for any p > P the 
canonical projections 

n n7T p p I n nV > n"VpP, pp7Tm m : W m m > p pW m m 

induce isomorphisms 

n . 7r pP : n n F p — > n n^ p p, p V mm : p VF m ™ — » pP lf mm . 

(4) There exists P > 0, suc/i £/iai /or p > P there exists a unique homomor- 
phism 

£(m m ,n n ): („«F^ f(P ,lf B .) — ► „»T ram , 
P eA n nA m 

which makes the diagram 
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V® T W 



■ nT 

n" - 1 rr 



P GX"nx m 



© (n"Vp P ® p p pW m n) 

P eX"nY m p 



commutative. Here n^m™ is induced by (i, $ is defined following (15) and 
c p : „« y p r P WV — nn7r " 8 " 7rm "' — > n «VpP<S>r P pW m n — ► n »Vpp®f tP pW m », 

where the second arrow is induced by the canonical homomorphism T — > T p . 
7Vo£e £/ia£ £/ie homomorphism /I(m m , n") does noi depend on p > P. 

(5) Denote 

£ p (m m , n") : n „y pP ® fpP pW m » — > n »T mm 
£/ie restriction o//I(m m ,n"). XTien 

£(m"\n")= ]T A P (m" l ,n"). 

peA' n nx m 

Besides, in the assumption of (4) there exists S > 1, smc/i i/iai /or every 
pel n fl X m , d 6 V, a) £ If and its classes v £ n n VpP, w £ p pW m ^ , s > 5 
and an?/ 

(16) 7 e T, swc/i i/iai 7=1 mod p s , 7 = mod q s , q £ X" n X m , q / p 
/10'ds 

/2p(m m , n n )(u ®tij) = IrfuJ, 

where Wfw is the class of vjw in n n T m m. 

(6) Let m' < m, ra' < n be integers. Then for a sufficiently large p satisfy- 
ing the conditions of (3), we have the commutative diagram of T n — T m 
homomorphisms 



„ n V pP ®f pP W m r 



where the horizontal arrows are induced by the canonical projections and 
the vertical arrows are homomorphisms /i p (m m , n") and J2 p (m m , n" ) re- 
spectively 

(7) Let V C V, W C W be finitely generated T-subbimodules in U, T = V'W. 
Then for a sufficiently large p satisfying the conditions of (3), we have the 
commutative diagram ofT n — r m homomorphisms 

n nV pP ® fp pP W m r> ^ n „Vp' P ®f p ppWmm 



n n ± p p n n pp 5 

where the horizontal arrows are induced by the canonical embeddings and 
the vertical arrows are corresponding homomorphisms ^ p (m m ,n"). 

Proof. The statement (1) obviously follows from the Chinese remainder theorem. 
The statement (2) follows from the decomposition (15) and from the statement (1) 
above. To prove the statement (3) note first that the sequence of finite dimensional 
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modules n ™V p p stabilizes for some P and allp > P. Hence n n V p is a factor of n "V pP , 
p > P. On the other hand every n ™7r p p factorizes through n « V p , which proves (3) 
for V. The case of W is considered analogously. 

Note that for sufficiently large p all c p are isomorphisms. In fact, the first map 
in the definition of c p is an isomorphism due to (3), and the second map is an 
isomorphism, since both multipliers in the tensor product are finite dimensional p- 
torsion modules. Hence the third vertical arrow in the diagram is an isomorphism. 
Besides, $ is an isomorphism by (2), that proves (4). Independence onp is obvious. 

Let v = Y]v\, w = J~] \W, be the decompositions from (15). Then for 7', 7" E I\ 
1 1 
satisfying (16) for large enough s holds 

vj' — Vp + v\j', l"w — P w + j"\W. 

l^X"nA' m lj?X»a!f B 

Then following (1), wy' ® Y'w = v p ® p w, which competes the proof of (5). The 
statements (6) and (7) follow from (5). In these diagrams both images of v <E) w 
from the left upper corner of the diagram equal to the class Wfw in the right lower 
corner for a suitable 7 G T. □ 

A composition in the category A is defined as follows. Since direct limits com- 
mute with tensor product, we can write 

(17) A(\, n) ®j? A(m, I) ~ lim lim „V\ ®p \W m 

VEF{U) WGF(U) 

Then we have the following composition 

nM ®f, \Wm ^ (m "' ,n " ) » n"T mm A(m, n), 

where the first homomorphism is constructed above and the second is the canonical 
map in the direct limit. From the commutative diagrams in Lemma 3.4, (6), we 
have a well defined map 

A(p, n) x A(m, p) — ► A(m, n). 

3.4. Generalized Pierce decomposition. We start from the following categor- 
ical statement. Assume C is a k-category with sums and products and {Ci | i G 3} 
be a family of objects of C. Denote by (*) the following properties of this family: 

(*) for every j G 3 there exist finitely many i G 3, such that C(Ci,Cj) and 
G(Cj,Ci) are nonzero. 

Consider the vector space 

n 3 = n ^ c iiCi), 

written as H x 3 matrices, provided that j's correspond to columns and i's corre- 
sponds to rows. In general the standard " column- by-row" product of such matrices 
is not well defined. By Mj denote the subspaces of Uj, formed by the matrices with 
finitely many nonzero elements in any column and in any row. Then "column-by- 
row" product turns it into a k-algebra. 

Lemma 3.5. Assume the family {Ci i G 3} of objects of the k-category C satisfies 
the property (*). 

(1) There exists a canonical isomorphism ofk-algebras 

Mj ~End e (8 Q), 
where Ende denotes the endomorphisms ring in the category C. 
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(2) Let Cj be the restriction of the category C on 0, Mj — Mod r the full subcate- 
gory in Mj — Mod consisting of modules M, such that M = ® e.«M, where 

en is a matrix unit corresponding i G 3. Then there exists the canonical 
equivalence 

F : C 3 - Mod ~ M 3 - Mod r , 

where for N G Gj - Mod holds F(N) = ® N(i). 

■ieJ 

Proof. Every element (/y i,j 6 5) e II3 defines canonically a homomorphism 
/ : ffi C t — > n C«- By the condition (*) the image of / belongs to © C'i C Yl C t . 

The second statement is standard. □ 

The following statement is an analogue of two-sided Pierce decomposition for 
the pair T cU. 

Theorem 3.1. For u G U denote by [u] the matrix from M^, such that [u] m . n = 
(M n m ), m, n G SpecmT, where u n m is the image of u in ^(m, n). 

(1) The mapping ij± = [] : U ► Myi, which sends u G U to [u] is a homomor- 
phism of k.- algebras. 

(2) Endow Hji with the topology of direct product and Mjj c Ha with the 
induced topology. Then the image of ' i^d^a is dense in M^. 

Proof. Following Lemma 3.3, (3), (4), the matrix [u] has finitely many nonzero 
elements in any row and any column, hence [u] G Ma- 

Fix u,v G U, m,n G SpecmT, m,n> 1. Also fix V,W,T and P > 0, satisfying 
the conditions of Lemma 3.4. Then from 

P 6X"nX m 

follows (as in the proof of Lemma 3.4, (5)) 

uv = ^2 jl ? (m m , n")(u p ® p w), 

where uv is a class of uv G n »T m m. Taking the limits we obtain that 

[w]m,n = X! Nn,pHp,m, 

P GX n nx m 

that proves the first statement. To prove the second statement it is enough to show 
that if A(m, n) C M.jj, then A(m, n) C ImiruiA- First note that the image of U is 
dense in the image of A(m, n) C Md, that is, matrices from Md, which are zero 
in all positions except (n, m). Let {ui G U \ i = 1, . . . } be a sequence in U, which 
converges to an element / from A(m,n). Note that by definition any D is at most 
countable. Consider an increasing sequence of finite subsets Si C D, i = 1, . . . such 

oc 

that U Si = D, strictly increasing sequence of integers fc; > and the elements 

i— 1 

fii,Vi G r, such that 

( fii = 1 mod m fc ' 

\ fa = mod m' k \ m' G Si,m' ^ m. 

and 

( Vi = 1 mod n ki 

\ i>i = mod n' fc \ n' 6 S„ n' / n. 
Then ioi^i) (respectively io{vi)) tends in M^ to the diagonal matrix unit in 

the position m (respectively n), hence the sequence ioi^iUifii) = io(ui) iD(fi>i) 
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converges to / since it tends to in all positions except (n, m) and tends to / in 
the position (n, m). 

□ 

3.5. Gelfand-Tsetlin modules as yi-modules. We consider the category of k — 
Mod endowed with the discrete topology and consider the category A — Mod^ 
of continuous functors M : A — >k — Mod, which in [DF02] are called discrete 
modules. It means, for every m G SpecmT there exists m(= m(m)) > 0, such that 
m m M(m) = 0. For a discrete A— module M define a Gelfand-Tsetlin [/—module 
F(M) by setting 

(18) F(M) = M(m) and for x G M(m), a G U 

mGSpecm r 

set ax=- a 

nGSpecm T 

where a m ^ is the image of a in A(m, n). If / : M^—>N is a morphism in A — mod^ 
then define F(/) = © /(m). 

mfESpccm T 

Theorem 3.2. (JDF02], Theorem 17) The defined above functor ¥ is an equiva- 
lence of categories 

F : A- modd — M(U,T). 
Moreover it induces a functorial isomorphism 

Ext^(FpO,F(y)) ~ Ext~(X,Y), X,Y G BW(U,T). 
Proof. Following Lemma 3.5, (2) there exists a canonical equivalence 

A — modd ~ Myi — mod,. , 

that together with the functor, induced by iji : U c — > (Theorem 3.1, (1)) gives 
us the functor A — mod^ — ► U — mod, besides the image of this functor belongs to 
H(C/, r). The statement on Ext 1 follows from the fact that the functor F preserves 
the exact sequences. □ 

Let u G U, m, n G SpecmT, u mjn the image of u in A(m, n). Let 

M = M ( m ) 

m^Spccm r 

be a Gelfand-Tsetlin module. The action of it mi „ on M is described in the next 
lemma. 

Lemma 3.6. Let m u : M(m) — > M be the map x i — ► ux, x G M(m), 

Um,n = 7TnTO u i M(m) -> M(n), 

where tt„ is the canonical projection of M onto M n . If n ^ X„(m), i/ien = 0. 

Proof. Condition n X u (m) holds if and only if TuT = nuT + Turn, equivalcntly, 
u G nuT + Tum. But then u G n n uT + Tum m for every m, n > and hence u m , n = 0. 
On the other hand in this case 7r n m„ = by (4). By the Chinese remainder theorem, 
there exists a sequence j n G T, n > 1, such that j n = 1( mod n"), 7„ = 0( mod I") 
for any I G X u (m),\ ^ n. Then in A(m,n) holds lim j n u = u m ^ n . On the other 

n — >oo 

hand the operator rh u = lim m~ u : A/(m) — > M is well defined, 7r n m u = 7r m m u 

n — >oo 

and Tr n im u = for any n' ^ n. Then (18) completes the proof. □ 
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We will identify a discrete ./l-module N with the corresponding Gelfand-Tsctlin 
module ¥(N). For m £ Specm T denote by rh a completion of m. Consider a two- 
sided ideal I C A generated by m for all m £ Specm T and set ^(M^) = A/I. Then 
Theorem 3.2 implies the following corollary. 

Corollary 3.2. The categories MW(U, T) and A(W) — modd are equivalent. 

The following standard statement shows usefulness of the category A for the 
study of simple Gelfand-Tsctlin modules over U. 

Lemma 3.7. Let M be a simple A-module, m £ Specm T, M(m) ^ 0, N a simple 
A{m,m)- module. Then the correspondences 

M i — > MU (m , m) and N i — ► (A «u (m , m) N)/J, 

where J is a unique maximal A-submodule in the induced module, realizes a bi- 
section between the sets of isomorphism classes of simple A{m,m) -modules and 
isomorphism classes of simple A-modules M such that M(m) ^ 0. 

The subalgebra T is called big in m 6 Specm T if A(m, m) is finitely generated as 
a right r m — module. The importance of this concept is described in the following 
statement. 

Lemma 3.8. f[DF02], Corollary 19) IfT is big in m £ Specm T then there exists 
finitely many non- isomorphic irreducible Gelfand-Tsctlin U —modules M such that 
M(m) ^ 0. For any such module M holds dimis-M^m) < oo. 

3.6. Examples of computation of A. First example is given in the beginning of 
the section, namely, the presentation of a basic associative algebra as a quiver with 
relations. 

Now we illustrate our techniques applying it to the study of representations of 
skew group algebras over a commutative ring and to obtain the classical result on 
the construction of irreducible representations of a finite group G = N xi H with 
abelian N. 

The case of a skew group algebra is summmarized in the following statement. 

Proposition 3.1. Let A be a commutative ring, M a monoid, acting on A, U = 
A * M the skew-group algebras. For m, n £ Specm A set 

M(m, n) = {^eM|^m = n}. 

Then A C U is a Harish- Chandra subalgebra and 

(1) The blocks of the category A = A(A) correspond to the orbits Spec A/M. 
For D £ Spec A/M the set of objects of Ad coincides with D. Moreover, 
Ad itself is a groupoid such that for m £ D holds A{m, m) ~ A m *M(m, m). 

(2) In every block there exists a simple Gelfand-Tsetlin module. 

(3) If the action o/M on D is free, then Ad — mod^ is equivalent to the category 
of finite dimensional modules over A m for any m G Specm A. 

Proof. To compute A(m, n) there is enough to consider in Definition 3 the bimodulcs 
V of the form V = Aip for some S C M. In this case 

V/(n n V + Vm rn ) ~ (A/n fc V, where k = min{m, n}. 

if)£SnM(m,n) 

Since in the definition of A(m, n) we can consider only V containing M(m, n), we 
obtain that 

(19) A(m,n)~ A n ^~ ^A m . 

V3GM(m,n) p6l(m,n) 
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The last isomorphism (A n </? ~ (pA m ) is defined using the isomorphism of A-bimodulcs 

(A/n fc )y> ~ <p(k/m k ),k > 1. 

This isomorphism allows to define the composition in A as in Theorem 3.1. In par- 
ticular A(m, m) is isomorphic to (J) A m ip as A-bimodulc. It is also isomorphic 

to A m * M(m, m) as an algebra. Any pair (m, n) of the objects in a block A are 
isomorphic by application of an element from M(m, n), which proves (1). 

By Lemma 3.7 the statement (1) reduces the problem of classification of simple 
Harish-Chandra [/-modules to the problem of classification of simple A m * M(m, m)- 
modulcs, m G SpecmA. But the A-bimodule A m is a direct summand of A m * 
M(m, m) as a A m -bimodule, hence U/Um ^ 0. It proves (2). 

The statement (3) is obvious. □ 

Next we will show that the classical Mackcy construction can be interpreted as 
a special case of the category of Gelfand-Tsetlin modules ([F03]). We assume that 
the base field k is algebraically closed and its characteristic is coprime with n = \G\. 
We set U = k[G] and T = Ik [TV]. Obviously, T is a Harish-Chandra subalgebra in U. 
Denote by TV the set of characters of TV. Then Ik [TV] ~ k x , where k x corresponds 

X&N 

to x- By m x denote the kernel the character %. 

The group G acts by conjugations from the left on the group TV, x i — ► 9 x = 
gxg^ 1 , x e TV, g G G, and it also acts on TV from the right, X 1 — > x J j£^S£C, 
such that x 9 ( x ) = x{ 9x )i9 G G. Denote by Stg x and StcX the stabilizers of the 
corresponding actions. 

We give a construction of the category A = Ajj.r- br [F03] the following state- 
ment is shown: 

Proposition 3.2. Let y = y(G,N) be a groupoid, such that 

Ohy = N, y( X i,X2) = {g&G |xi=xf}, xi,X2eTV, 

N be a subgroupoid of y , such that A/"(X) x) = N for any x G TV and empty 
otherwise, X = y/Af and kX be its k-linear envelope. Then there exists a canonical 
isomorphism of categories $ : kX — ► A, identical on the objects. Besides 

1. A( X) x)-HSt x }. 

2- XitXj ^ Obyi are isomorphic if and only if xf = Xj f or some g G G. 

4. Generic representations 

In this section we will assume that M is finitely generated, in particular, M is 
countable. Assume k is uncountable. A non-empty set X C SpecmT is called 
massive, provided that X contains an intersection of countable many dense open 
subsets. In this case X is dense in SpccmT ([Ga], Lemma 4.2). Assume s : T — > 
r' is a homomorphism of algebras, such that for the induced s* : SpecmL' — > 
SpccmL, Ims* is massive in SpecmT. In this case if X' C SpecmT' is a massive 
subset, then s*(X') is a massive subset in SpecmL. 

Let U x = U/{Um x ). We call U x the universal module generated by a x~^igen- 
vector. If r is a Harish-Chandra subalgebra then U x G M(U,T). The character X 
lifts to a simple [/-module if and only if U x is nonzero. 

Let Ao be the algebra generated by (J m(T) (if To C f then U is a right Galois 

order). Every nonzero element u G U can be presented (not uniquely) in the form 
u = [a(u)<p<p], where a(u) v ^ 0. 

ip£M/G 
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Denote by Ai the algebra, generated by Ao and all possible m ■ a(u) Vl where u 
runs U \ {0} and and m runs M. Analogously by A2 the algebra generated by Ao 
and all (ma{u) v ) ±1 . Also denote = Specm Ai, ttq the canonical map from Lq to 
SpecmT, fli = iro(£ji), i = 1,2. Then 

A 2 D Ai D A , £ 2 ctiC £, Sl 2 C !li C 0. 

By £i r C £ denote the set of £, such that M acts on I freely and M • I fl G • £ = {£} 
(in terms of 5.1 for m = tt (£) G SpccmT holds S(m, m) = {e}) and Sl r = ir (L r ). 

Lemma 4.1. The sets £, C £ and f2j C SpecmT, i = 1,2, are massive. Besides 
£ij, i = 1,2 are invariant with respect to the actions of G and M. //MTcT t/ien 
£ r and f2 r are massive. 

Proof. Every element a € L defines a rational function on L with a non-empty 
open domain of X(a) C £. Then .Ci,z = 1,2 by definition are intersections of 
countably many sets of the form X(a), hence are massive. The properties of M- 
and G-invariance follows from the facts, that gmT = m 9 T and [aip] = [a 9 ip 9 ], g G G, 
m G M. 

For any m G M, m ^ e, denote X m = {£ G £ |to-£gG-£} and for m G M, g G G 
define a closed in £ subset L(m,g) = {£ G £ I = <?•£}• Then X m = U L{m,g) 

is closed subset in £, since G is finite. Assume that L = DC m for some m ^= e. Since 
L is irreducible, we conclude that Z(m,g) = £ for some g G G, and hence m = g. 
This is a contradiction since M is separating. But U X m is the complement 

of cL r in L and L r is massive. The sets fli, i = 1,2, r, are massive as the images 
of massive subset -C^. □ 

The following useful fact follows from the separating of M-action (Lemma 2.2). 

Lemma 4.2. Let T be the integral closure on T in L, £ mk , . . . , £ mk G Specm T belong 
to different orbits of G. Then there exists 7 £ T, such that "f(£ mi ), ■ ■ ■ ,7(LJ are 
distinct, that is T distinguishes the orbits of G. 

Theorem 4.1. Suppose that the field k is uncountable, x a character ofT, m x G 
Specm T its kernel. 

(1) If X £ then U x is nonzero Gelfand-Tsetlin module and supp£/ x C Mm. 

(2) If M. is a group, then for any \ £ A2 the module U x is a unique Q m -graded 
irreducible U -module generated by a \~ eigenvector and supp U x = m . 

(3) If "M is a group and M ■ T C T, ^G^H £l r , then U x is irreducible weight 
U -module with l-dimensional components. In this case there is a canonical 
isomorphism ofh-vector spaces kM ~ U x . 

Proof. Note that the canonical embedding U L * M factorizes through a skew 
semigroup algebra Ai*M C L*M. A character \ '■ Ai — > k induces a Ai *M-module 
Mix) which is isomorphic to © Ai/(m ¥ '), as a k-vector space, where m = Kerx- 

<p£M 

Since the restriction of M(x) on U is nontrivial then for every x £ Ai, U x =/= 0. 
Clearly, U x is a Gelfand-Tsetlin module. Moreover, since U x is Specm £-graded, it 
has an irreducible quotient with a nonzero y-eigenvector. This implies (1). 

Let x £ ^2, u — [ x hh] G U. By assumption, for every n G M ■ m holds 

heM 

Xh(n) 7^ 0, hence every graded component of U x generates the whole U x . Therefore, 
U x is irreducible as O m -gradcd [/-module. Moreover, since U x is the universal 
module generated by a Y-eigenvector, it is a unique such graded irreducible module, 
implying statement (2). 

Note that if M acts on m with a nontrivial stabilizer then U x is not irreducible. 
Since MTcf, the set fi r is massive by Lemma 4.1. Consider a subset H f2 r . 
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Since T distinguishes G-orbits by Lemma 4.2, it implies the irreducibility of U x for 
any \ £ X r . The basis elements of U x in this case are labeled by the elements of 
kM which completes the proof of (3). □ 

Lemma 4.3. Let M be a finitely generated right T-module. Then the set of m £ 
SpecmT such that Tor^(M, r/m) = contains an open dense subset X C SpecmT. 

Proof. Let R* : ... — — > T n2 — — > T ni — ^— > r n ° — > . . . be a free res- 
olution of M. It induces the resolution R* ®r K of M ®r K. Denote r = 
dim/flm(d 1 $5 id^). Let d l (m) be the specialization of d l in m 6 SpecmT. Then 
all those m satisfying the conditions dimlmd 1 (m) = n\ — r and dimlm<i 2 (m) = r, 
form an open dense set X . Then for m £ X the first cohomology of R* <E>r r/m 
equals 0, that completes the proof. □ 

Proposition 4.1. For a nonzero u £ U,u ^ Q there exists a massive set Q u C 
SpecmT such that for every m £ Q u the image u of u in U/Um is nonzero. 

n 

Proof. Let m £ SpecmT, N = uT. Then u = if and only if u = MiTOj, for some 

i=l 

n _ 

Wj £ U,rrii £ m, i = l,...,n. Denote S = U suppi^ and M = C/(5). If u = 0, 

2= 1 

then the exact sequence of right T-modules 

— > N — ► M — ► M/N — > 
becomes non-exact after tensoring with r/m, i.e. Tor[(M/N, r/m) 7^ 0. Denote 

X(u,5) = {m £ SpccmT | Tor[(M/iV,r/m) = 0}. 
Following Lemma 4.3 we can set fL = n X(u, S). □ 

SCM 

5. Representations of Galois orders 

5.1. Extension of characters for Galois orders. Given m £ SpecmT fix £ m £ 
Specmf and denote Mi m C M (Ge m £ G) the stabilizer of £ m in M (in G). The 
ideal m defines M^ m and Gi m uniquely up to G-conjugation. It allows us to use the 
notation M m instead of Mi m and G m instead of Gt m . 

Denote by 5(m, n) the following G-invariant subset in M 

(20) 5(m, n) = {m £ M \l„ £ GmG • £ m } = {m £ M | g 2 l n 

= mg\i m for some gi,g 2 £ G}. 
Obviously this definition does not depend on the choice of l m and £ n . 

Lemma 5.1. Let m £ SpecmT and M is a group. Then 

(1) |M m | < 00 if and only if for some n £ SpecmT at least one from the sets 
S^rr^n), S^m) is nonempty and finite. If |M m | < 00 and S'(m,n) 0, 
5(n, m) ^ 0, then |M n | < 00 and \S(m, n)| = |5(n, m)|. 

(2) 

l«?rm nM ^ \G\ 2 \M m \ 

]g^J|g^[' 

(3) 

|5(m, n)/G| < |{m £ M | ir(m£ m ) = n}|. 
Proof. S(m, n) is infinite if and only if for some fixed g £ G, £ m and f n the set 

M(£ m ,£ n ,g) = {to £ M | m.g£ m = 4} 
is infinite. In this case for any to' £ M.(£ m ,£ n ,g) holds 

(m'g)- 1 M(i m ,£ n ,g)g £ M m , M(£ m , £ n , g)^' 1 c M„. 
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To prove the equality note, that to G S(m,n) if and only if to 1 G 5(n,m). It 
proves (1). If |M m | < oo then there exists at most |M m | elements ip G M, such that 

IGI 

£ n = ip£ m . Considering the G-orbits of £ m and £ n , which have the lengths ' and 

|G m 

G| 

j-^-r respectively, we obtain the inequality (2). Assume mgi£ m = <?2^n, <?i,.92 £ G, 
\G n \ 

to G M. Then (g^ 1 mgi)£ rn = g^ x gi£x\, which proves (3). □ 

The property of the Galois ring U to be a Galois order has the following immedi- 
ate impact on the representation theory of U . We will consider right Galois orders. 
The case of left orders is analogous. 

Lemma 5.2. Let U be a Galois ring over Y, T a noetherian algebra which is 
a right Harish- Chandra subalgebra of U, m G SpecmT, such that M m is finite, 
S = S(m,m). If U = Um then for every k > 1 there exist ]t £ I \ m, Vj G U, 
Vj G m , j = 1, . . . , N such that 

N 

(21) lk = Y^v j v j 
and suppwj 6 S, j = 1, . . . , n. 

Proof. The condition U = Um is equivalent to the condition 1 G Um, i.e. holds the 
equality 

(22) 1 = J^u^i, where Ui G U, pn G m. 

i—l 

We use induction in k to prove the statement of the lemma without the condition 
suppu; G S, i = 1, . . . ,n. The base of induction k = 1 follows immediately from 

(22) . The induction step is obtained by substitution of the right side of (22) in 
(21): if 

N 

(23) 1 = Wjfj, where Wj G U, i/j G m k ,j = 1, N, 

o=i 



then 



N N 



N n N n 



j—1 i—l j— 1 i—l 



It proves the induction step, since all fiiVj G m fc+1 . 
Denote 

N 

T = \J supp w l \ S. 



i=l 



Since T C\S(m,m) = 0, the ideals £* m and £ m for every t G T belong to different 
G-orbits. By Lemma 4.2 there exists / G T such that f{£ m ) ^ f{^ m ) f° r ever y 
t ET. Without loss of generality we can assume that (Lemma 2.4, (3)) 

Mm, m) = II(/(4n) - (4n)) = - f(O) = 1- 

tGT teT 
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In particular, it implies that fr G l|m®r + r®m. Then by Lemma 2.4, (3), 
7fc = fr • 1 G 1 + m. Besides, by Lemma 2.4, (2), vi = fr • Wi belongs to U(S). 
Applying fx to the equality (23) we obtain 

JV 

Ik = ^2 ViVi, where ^ k G T \ m, v, G U(S), vi G m k . 

i=l 

□ 

Corollary 5.1. Let F be a noetherian algebra, U a right Galois order over T, 
m G Specm T, such that |M m | < oo. Then Um ^ U. In particular, there exists a 
simple left Gelfand-Tsetlin U -module M , generated by x G M , such that m • x = 0. 

Proof. By Lemma 5.1, (1) the set S = S(m, m) is finite. Since U is a Galois order, 
by Theorem 2.2, (2) U(S) is finitely generated as a right F-module. Then applying 
the Artin-Rees Lemma (Theorem 8.5. [Mat]) for a right T- module U(S) and its 
submodule T wc conclude that there exists c > such that for every k > c 

u(S)m k n f = (u(S)m c n r)m fe - c . 

But by Lemma 5.2 for every k > c there exists 7^ G U(S)m k nF, such that 7^ ^ m. 
Hence 7^ ^ (?7(5)m c nF)m' c_c , provided that fc — c > 0. The obtained contradiction 
shows that U 7^ Um . 

Denote by v the image of 1 in U/Um 7^ 0. Then nro = which defines a 
structure of Gelfand-Tsetlin module on U/Um (Lemma 3.1, (6)). We can choose 
by M a simple quotient of U /Um satisfies the statement. Therefore, as the module 
M we can choose any simple quotient of U /Um and set x the class of v. 

□ 

5.2. Finiteness of extensions of characters for Galois orders. In this sub- 
section we assume that U is a Galois order over T where F is normal noetherian 
over k. In particular, T = V = U e and T is finite over T by Proposition 2.1. Also 
r is a Harish- Chandra subalgcbra by Proposition 2.3. If £ G Specmf projects to 
m G Specm V then we will write £ = £ m and say that £ m is lying over m. Let £ m and 
£ n be some maximal ideals of T lying over m and n respectively. Note that given 
m G Specm T the number of different l m is finite due to Corollary 2.1. 

Lemma 5.3. Let m, n G Specm T, S = S'(m,n), m,n > 0. Then U = U(S) + 
r\ n U + Um m . Moreover, for every u G U, k > there exists uu G U(S), such that 
u G life + n[ fc /2] u r + rzim[ fe /2] . 

Proof. Fix u G U and denote T = suppu \ S. If T = then u G U(S). Let T/0. 
Wc show by induction in k, that there exists Uk G U(S), such that 

k k 

(24) u e u k + ^n fe ~ l itm\ u k G U(S) ( hence u k+ i - u k G ^n^'um'). 

i=0 i=0 

Since £^ and ^ n belong to different G-orbits if t $ S, then by Lemma 4.2 there 
exists / G T such that f(£ n ) ^ f{^ m ) f° r every t G T. Without loss of generality 

we can assume that /x(n, m) = TT(/(^ n ) — /* (^m)) = 1, which implies fr G 

ter 

l + n®r + r®m. Set u\ = fr ■ u. Then u\ belongs to u + nuT + Turn and, hence, 
u G Mi + nuT + Turn. Moreover, u\ G U(S) by Lemma 2.4, (2). We prove the 
induction step k => k + 1. Writing in (24) the expression for u in the right hand 
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side we obtain 



k k 



i=0 j=0 



k-i 



3 um J )m l C 



k 



k+l 




n fe l u k m l + 



n 



fc+i— i 



urn 1 , 



i=0 



that proofs of the induction step, since u k + 



k 

i=0 



n k - l u k m l C U{S). 



□ 



Theorem 5.1. For any m, n € SpecmT such that S = S(m, n) is finite, the com- 
pleted T n — T m -bimodule A(m, n) ('see (3)j is finitely generated. Moreover, A(m, n) 
coincides with the image ofU(S) in A. Besides, A(m, n) is finitely generated both 
as a right T m -module and as a left T„-module. 

Proof. In view of Lemma 5.3 and formula (3) we have an embedding 



Since U(S) is a noetherian T-bimodule by Theorem 2.2, the generators of U(S) 
as a F-bimodule generate any U(S)/((r\ n U + Um m ) n U(S)) as a F-bimodulc, and 
hence generate A(m, n) as a complete F n — r m -bimodulc ([Mat], Theorem 8.7). The 
statement, that A(m, n) is finitely generated both from the left and from the right, 
follows from Theorem 2.2, (2) and from Theorem 8.7, [Mat]. This completes the 
proof. □ 

Note that Theorem 5.1 and Definition 3 imply that the embedding (25) is an 
isomorphism. 

The following is obvious (see Lemma 3.8). 

Corollary 5.2. In assuptions of Theorem 5.1, T is big in m. In particular there 
exists only finitely many non-isomorphic extensions of x to simple U -modules. 

5.3. Proof of Theorem A. Corollary 5.1 implies Theorem A,(l). The condition 
| M m | < oo implies the finiteness of S^m, m) (Lemma 5.1, (1)). Consider \ '■ T — > Ik 
such that m = Ker%. If T is not normal then T is a finite T-module and \ admits 
finitely many extensions to T, by Corollary 2.1. Hence, it is enough to prove the 
statement for normal T. But in this case the statement follows from Corollary 5.2, 
which completes the proof of Theorem A. 

Combining Theorem A,(l) and Corollary 2.2 we obtain the following module- 
theoretic characterization of left and right Galois orders. 

Corollary 5.3. Let U be a Galois ring with respect to a noetherian algebra T, 
M a group and ?7i _1 (r) C T (m(T) C T) for any m £ M. Then every character 
X '■ r — > k extends to a simple left (right) V -module if and only if U is right (left) 
Galois order. 

5.4. Bounds for dimensions and blocks of the category of Gelfand-Tsetlin 
modules. Denote by r(m,n) the minimal number of generators of U(S(m, n)) as 
a right D-module. Since T is a Harish-Chandra subalgebra from |5(m,m)| < oo 
follows r(m, n) < oo and, by Theorem 5.1, yi(m, m) is finitely generated as a right 
r m -module (in terms of [DF02], T is big in m). In particular there exists finitely 
many non-isomorphic simple .A-modules M such that M(m) ^ 0, besides M(m) is 
finite dimensional (Lemma 3.8). 

Lemma 5.4. Let m, n G SpecmT, S — S(m, n), M = U ®t T/m, x = 1 ® (1 + m) £ 
AI(m), 7r n : M — > M(n) the canonical projection. Then 



(25) 



A(m,n) C lim U{S)/ {{n n U + Um m ) n U(S)) . 



A(m, n) • x = tt„(Ux) = tt„(U(S)x), 
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and 

dim k M(n) < dim k (C/ (S)x), dim k M (n) < r(m,n). 

Analogous statements hold for any U -module N generated by a nonzero y G iV(m) 
smc/i t/iai my = 0. 

Proof. The first equality follows from Lemma 3.6. To prove the second equality 
consider some u G U . Then by the Chinese remainder theorem there exists 7 6 T 
such that jux = 7r n (ux) and we replace u by 71*. Then in the notations of Lemma 
5.3, set k = 2t, where n*ux = 0. Then TT n (ux) = ir n (ukx), where G U(S). The 
second statement is obvious. □ 

Theorem 5.2. Let U be a Galois order over T where T is a normal noetherian 
k-algebra, M is a U -module. 

(1) If for some m G D, M m is finite and M G M(U, T, D) is simple then M(m) 
is finite dimensional. Both dim^ -A/(m) and the number of isomorphism 
classes of simple modules N, such that N(m) ^ 0, are bounded by r(m, m). 

(2) // in addition M is a group then for any n G D 

dimk M(n) < r(m, n) < 00. 

(3) Let U be free as a right T-module. If M is generated over U by x G M, 
mx = 0, m G SpecmT, then 

dim k M(n) < \S(m,n)/G\ 

Proof. The statements (1) and (2) follow from Lemma 5.4 and Lemma 5.1. To 
prove (3) consider a free right T— module F, which covers U(S), p : F — > U(S), q : 
F — > U is the composition of p with the canonical embedding, where S = S(m, n). 
Then the image of 

q <8>r idif : F ® T K — > U ® r K ~ 3C, see (6) 

coincides with KU(S) = %{S) C X. Following Lemma 2.1 dim K X{S) = \S/G\. 
From semicontinuity of the dimension of image of mapping between free modules 
we obtain, that for 

q ®r idr/m : F ® r T/m — > U ® r T/m ~ U/Um 

holds dim k Im(g ® r id r / m ) < dim K 0C(S) = \S/G\. □ 

Let D be an equivalence class in A, m, n G D and ip G 5'(m, n). We say, that m 
and n are connected by ip if the following two conditions hold 

(1) There exist [a-^s" 1 ], [a+yj] G U, such that a_a^ and a^a + do not belong 
to {gl m ,g G G}. 

(2) The number of elements in the set {7r(<^ s (^ m )) | g G G} equals \G/H V \. 

Endow D with a structure of a non-oriented graph as follows. The vertices are 
the elements of D. An edge between m and n exists if and only if there exists 
some ip G M that connects m and n. The following statement is a generalization of 
Theorem 32, [DFOl]. 

Proposition 5.1. // m and n in D are connected by ip G M., then m ~ n in Ad- 

Proof. As in Lemma 4.2, for every n > there exists a function /„ G T, such that 

7 „ = 1 mod C, 7n = mod (93 s • £ m )" for 5 G G,£ n ± <p g ■ £ m . 

Consider the element x n = [a_^~ 1 ]7^[a+</?] whose coefficient by the element eel 
equals 

r n = e ^ _1 «r 1)9 (7r i)9 ) 2 - 

geG/H v 
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By the construction r n g" m, and without loss of generality we may assume that 
T n G 1 + m. Consider two sequences in T, y n and z n , n > 1, which converge in A to 
l m and l n respectively. Then the sequences 

converge to g : m — ► n and / : n — ► m respectively, such that fg = l m + fi, 
where ^ belongs to the image of m in A(m, m). Since l m + fx is invertible, we can 
assume fg — l m . Analogously one constructs /' : n — ► m,<7' : rn — > n, such that 

f/f = In-' □ 

Immediately from Proposition 5.1 follows 

Corollary 5.4. If m and n belong to the same connected component of the graph 
D then they are isomorphic in Ad- 

Theorem 5.3. Let D be a class of ^-equivalence. Suppose M is a group, D has a 
finite number of connected components and for some m G D the group M m is finite. 
Then the module U/Um is of finite length. 

Proof. By Corollary 5.4 the skeleton 23 £> of the category Ajj contains a finite 
number of objects. ObU^ = {nx, . . . , n^}. Consider U/Um as an element in 
A — mod<j and denote the !>£>-module M = (U/Umi)\$ D . Then by Theorem 5.2, 
(2), dinifc M(rij) < r(m, n,) for any i = 1, . . . , k. Since the categories A — modd and 
23u — modd are equivalent, it completes the proof. □ 

From the proof above we obtain 

Corollary 5.5. In assumptions of Theorem 5.3 the length ofU/U m and the number 

k 

of simple objects in the block M(U,T , D) does not exceed ^ r(m,rii) ; where runs 

i=i 

the set of representatives of the connected components of D. 

5.5. Further properties of Gelfand-Tsetlin modules. In this subsection we 
assume that U is a Galois order over noetherian T. In the conditions of Theorem 
5.1 we are able to prove the following generalization of Corollary 5.1. 

Theorem 5.4. Let U be a Galois order over a noetherian algebra, m, n G SpecmT 
such that S^rr^n), |M m |, |M„| are finite and S^rrijn) ^ 0. Then the image ofU(S) 
in A(m,n) (Definition (3)) is nonzero. 

Proof. Note that for a nonempty G-invariant S C M the T-bimodule U(S) is 
nonzero, since KU (S) C % is nonzero. Consider U as a T <E> T-module and de- 
note by / the ideal n<X>r + r<g>n in A® A. Then the class of u G U in A(m, n) is if 
for any N > holds u G I U . We prove the following statement: if for some n > 
holds U{S) C I N U, then U(S) C I N U(S). Assume U(S) C I N U, equivalently, if 
vi, . . . ,Vk are the generators of U(S) as T-bimodule, then 

k 

(26) Vi = VijUij, for some My G I N C V ®T,Uij G U,i — 1, . . . , k. 

3 = 1 

n 

Set T = (J suppiti \ S. As in the proof of Lemma 5.3 construct the element 

i=i 

J T = l- FGl + n®r + r®m 

such that for all Vij = fx ■ Uij holds supp vij C S. Applying fr to both sides of the 
equality (26) we obtain 
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k 

(27) Vi = F ■ Vi + ^2 v ij v ij > v ij e ! N > v ij e U(S), i — 1, . . . , k. 

Substituting the value Vi into the right hand side of (27) we obtain 

fe 

Vi = F 2 ■ Vi + (F + 1)^2 v ij v %j- 
Iterating this procedure N — 1 times we obtain 

fc 

Vi = F N ■ Vi + (F N ^ + ... + F+l)-^2 VijVii, 

3=1 

for some i/y G I , «y 6 U(S), i = 1, . . . ,k, 

which shows iij G I N U(S), since Uj itself and all belongs to £/(>!?) and F N G / w . 
In particular, it means that 

oc 

u(s) = pi / Ar c/(5). 

n=l 

Then by the Krull Theorem (Theorem 8.9, [Mat]), there exists a G 1 + I, such 
that 

a-U(S) = 0. 

Since T <g> T acts on % the action of a is defined on V = t/ (S^if c and a • V = as 
well. But, following Lemma 2.3, all irreducible summands of V as a JT-bimodule are 
of the form V(ip) for some <p G M, and since suppF = 5(m, n), there exist coimages 
•£ m and £ n , such that ^ n = t^. Note, that the if-bimodulc V(ip) is isomorphic to 
L H ^, endowed with the structure of i^-bimodule. Then a G l + /cr®f and it 
can be written in the form 

m n 

a = 1 + ^2 v i ® a « + Z_j & ® ai ' ^ e r ' ' il e m ' ^ e n " 

»=i j=i 

Write the action of a on 1 G : 

m n 

= a • 1 = (1 + ^2 v i ® a i + X! ® ' 1 = 

i=l 3=1 
m n 

1 + £»fai + 2^i el +4, 

i=l 3=1 

because all the elements in the formulas above belong to L, z/j 6 f n and /xj G 4, 
since m v C £j£ = But 1 +£ n , which completes the proof. □ 

Note that this theorem in the case m = n together with Theorem 3.2 gives 
another proof of Corollary 5.1. 

Let f 1 be the integral closure of L in L, ip G M and i : T — > L, i v : <p(T) — > f 
the canonical embeddings, ir and the induced mappings of the maximal spectra, 
m G SpecmT, 7r -1 (m) = {£i, . . . ,£k}. The following lemma describes the sets 
X a , a G U (see Lemma 3.1). 
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Lemma 5.5. Let a £ L v and V = T[atp]T. Then the set of simple factors of 
the left T-module V ®r r/m coincides with the set of simples of the form T/n, 
n £ 7r(</j(7T _1 (m))) = ■ n^t)}- Besides, for u £ U and m £ SpecmT 

holds X u (m) = 7r(suppu • 7r _1 (m)). 

Proof. By Remark 2.1 V/Vm ~ rr^/rm v . Since T v C rr v is a finite integral 
extension, holds (IT^m^ = 1m* 1 7^ rr v C f . The kernels of homomorphisms 
p : f -> k extending p<P : -> F^/m* 3 form a G v - orbit {tt(^), . . . , tt(^)}, whose 
restrictions on T uniquely define all characters of TT V , extending p v . This proves 
the first statement. 

Let V = TuT. Then Lemma 2.4, (5) reduces the second statement to the case of 
r-bimodule V generated by elements of the form [ai<p], . . . , [akfj- Hence the second 
statement follows from the first one. □ 

We assume that T is normal noetherian k-algebra and ^2 and O r are as in Section 
4. For m £ SpecmT denote by D(m) denote the class of A-equivalence of m, where 
A is defined in 3.2. 

Theorem 5.5. (1) IfS(m, n) = for some m, n £ SpecmT, thenA(m, n) = 0. 

(2) Let A' be the minimal equivalence, containing all (m,n) £ SpccmT x 
SpecmT such that S(m, n) 7^ TTien A = A'. Besides, under the assump- 
tion of Theorem 5.1 the category A(D) does not split into a non-trivial 
direct sum and acts faithfully on H(C/, T, D). 

(3) If m £ f2 r , i/ien .A(m,m) is a homomorphic image of T m . In particular, 
there exists a unique up to isomorphism simple U -module M , extending the 
character x ■ T — ► r/m. 

(4) Let m £ O r , D = -D(m), M m = Ao/Aom, where m C r m is the completed 
ideal. Then U/Um is canonically isomorphic to F(M m ). In particular, if 
m £ f2 r , i/ien U/Um is simple. 

(5) Let M. be a group, m £ O r fl • Then for every n £ £*(m) objects of 
Ad are isomorphic and 

A(n,n) ~f n . 

Proof. The statement (1) follows from Lemma 5.3. By Lemma 5.5 <^ £ 5(m, n) if 
and only if T/n is a right subfactor of r[a</?]r/r[a</?]m. It proves the first statement 
from (2). To prove the second statement note, that U(m, n) 7^ if and only if 
5(m, n) 7^ and, following Theorem 5.4 and (1), if and only if A(m, n) 7^ 0. 
On other hand, if a £ A(m, n), a / 0, then there exists N > 1, such that a 
yi(m,n)m Ar , hence a acts nontrivially on U/Um . It proves statement on A(D). 
To prove (3) we note that, for m £ il r holds |5(m,m)| = 1 hence by Theorem 
5.1 A(m, m) is generated as r m -bimodule by the class of e £ U e, which is central 
element in ,A(m,m). On other hand, there exists the canonical complete algebra 
homomorphism i : r m — > A(m, m), i(l) = e, which is surjective. By Theorem 3.2 
Ad — modd is equivalent to the full subcategory 

¥(A D - mod d ) ~ H(r, U, D) C U - mod . 

For m £ D consider the functor W m : M(T, U,D) — ► k - Mod 

W m (M) = {x £ M\m-x = 0}. 

This is a representable functor, namely 

W m ~ Homa (U/Um, - ). 

For N = F(N') we have 

Hom t/ (F(M m ) ) F(iV)) * Rom A (M m ,N') ~ W m (F(i\T)) = W m (iV), 
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where all isomorphisms are functorial, i.e, U /Um ~ F(M m ). It implies (4). Consider 
in ¥{Ao(m) — modd) a [/-module: 

M x ,„ = U ® r r/m" ~ r/n". 

n£O m 

Any nonzero element from f m acts nontrivially on M x>n for any n. Thus A(m, m) ~ 
r m by the Krull intersection theorem ([Mat], Theorem 8.10, (II)). □ 

Corollary 5.6. Let M be a group, D = D(m) C SpccmT a A(U,T)- equivalence 
class of a maximal ideal m G Q r H O2 ■ Then the category W(U, T,D) is equivalent 
to the category L m — mod. 

Proof. Since all objects in Ad are isomorphic by Theorem 4.1, the categories Ad — 
mod and A(m,m) — mod are equivalent. Note that the functors of restriction 
res : M(U, T, D) — ► A(m, m) — mod and of induction ind : A(m, m) — ► M(U, V, D) 
are quasi-inverse. □ 

Remark 5.1. Recall that if m is nonsingular point o/SpecmL, then T m is isomor- 
phic to the algebra of formal power series in GKdimr variables. 

Remark 5.2. In the assumption of Theorem 5.5, (2) a nonzero element u £ S(m, n) 
can turn zero in A(m, n). 

5.6. Proof of Theorem B. First statement of Theorem B follows from Theo- 
rem 4.1. 

Theorem 4.1, Theorem 5.5 and Corollary 5.6 immediately imply the second part 
of Theorem B. 

The third statement of Theorem B is an analogue of the Harish-Chandra the- 
orem for the universal enveloping algebras ([D]). In particular it shows that the 
subcategories in U — mod, described in Corollary 5.6, contain enough modules. 
Suppose that conditions of Theorem B are satisfied. Consider the massive set £l u 
constructed in Proposition 4.1 and set 

n' u = n u r\n 2 nn r . 

Then for any m £ H' u the element u acts nontrivially on U /Um which is simple by 
Theorem 5.5. This completes the proof of Theorem B. 

6. Gelfand-Tsetlin modules for gl„ 

Consider the general lineal Lie algebra gl n with the standard basis eij,i,j = 
l,...,n. Set U = U(gl n ), U m = U(g\ m ), 1 < m < n. Let Z m be the center of 
U m - We identify gl TO for m ^ n with a Lie subalgebra of gl n spanned by {eij \i,j = 
1, . . . , to}, so that we have the following chain of inclusions 

gl x C gl 2 C . . . C gl„ . 

It induces the inclusions U\ C U2 C ... C U n of the universal enveloping alge- 
bras. The Gelfand-Tsetlin subalgebra ([DFOl]) T in U is generated by {Z m | m = 
1, . . . , n}, where Z m is a polynomial algebra in to variables {c m k \ k = 1, . . . , to}, 

(28) Cmk ^ 6^126^2^3 . . . Ci k i 1 . 

(i u ...,i k )e{l,...,rn} k 

n(n -)- 1 ) 

Hence F is a polynomial algebra in variables {c^ 1 1 ^ j ^ i ^ n} ([Zh]). 

Denote by K be the field of fractions of T. Let M C M ~ Z _i T - be a free 
abelian group generated by 8 l \ 1 ^ j ^ i < n — 1, {5 % i)u = 1 if i = k, j = I 
and otherwise. For i = 1, . . . , n denote by Si the z-th symmetric group and set 
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G = Si x . . . x S n . The group G acts on L: (s ■ t)ij = £ s (i)j f° r ^ = (%) <= £ an( i 
s = (si) £ G. Also the group M acts on £ as follows <5 ij • .£ = I + 6 ij , 8 ij G M. 

Let A be a polynomial algebra in variables {A^ | 1 ^ j ^ i ^ n} and L be the 
fraction field of A. Let i : V — > A be an embedding such that 

m _^ 

*(cmfc) = 5Z(A™+m) fe [](l-- — — ). 

i . , . Ami A7717 

The image of 1 coincides with the subalgebra of G— invariant polynomials in A ([Zh]) 
which we identify with L. The homomorphism 1 can be extended to the embedding 
of the fields K C L, where L G = K and G = G(L/K) is the Galois group. An 
action of the group G by conjugations on M induces its action on L * M. 

Let e be the identity element of the group M. Consider a linear map t : U 1 — > % 
such that 



(29) t(e mm ) = ee mm , t(e mm+1 ) = £ A+ mi 8 m \ t(e m+lm ) = J2 A mi( smi )~\ 

i=l i=l 

where 

Ylj(\n±l,j — Kni) 

The map t is an algebra homomorphism by the Harish-Chandra theorem. More- 
over, we have 

Proposition 6.1. (see [FOl], Proposition 7.2) Let S = T\ {0}. Then 

• t is an embedding; 

• UK = KU ~ (L * Z m ) G , m = n(n - l)/2; 

• U is a Galois order over T. 

To estimate the number of isomorphism classes of simple Gclfand-Tsetlin mod- 
ules for U(gl n ) we need the following statement. 

Theorem 6.1. (^F02]J U(g\ n ) is free both as a left and as a right T-module. 
Set 

Qn= n 



n-1 

i\. 

= 1 



Corollary 6.1. Let U = U(gl n ), T d U is the Gelfand-Tsetlin subalgebra, D a 
A- class, m e D. Then 

(1) For a U -module M, such that A/(m) =/= and M is generated by some 
x G M(m) fin particular for a simple module) holds 

dim k M(m) < Q„. 

(2) T/ie number of isomorphism classes of simple U -modules N , such that 
N(m) ^ is always nonzero and does not exceed Q n . 

Proof. Note, that a simple M such that M (m) 7^ 0, is generated by any nonzero 
vector from M(m). Since t/ is a free T-module, we can apply Theorem 5.2, (3) and 
obtain as a boundary dimkM(m) < \S(m, m)/G\. On the other hand, by Lemma 
5.1,(3), the right hand side here is bounded by the cardinality of the set 

B = {me Z 1 ^™- 1 )/ 2 ) I 7r(m + £ m ) = £ m }. 

Equivalently, m S B if and only if the ith rows of l m and £ m + m differ by a 
permutation from Si, i = 1, . . . ,re — 1. It gives us at most |Si| • IS2I • ... • 
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possibilities for to G M and implies (1). By Lemma 3.7, the number of isomor- 
phism classes of simple [/-modules N, such that iV(m) ^ 0, equals the number of 
isomorphism classes of simple A{rn, m)-modules, and the correspondence is given 
by M <-> M(m). Therefore, if X = U/Um, then the A(m, m)-module X(m) covers 
any simple A(m, m)-modulc. Together with (1) it proves (2). □ 

Remark 6.1. We believe that the bound Q n in (1) can not be improved. It is 
known to be exact for n = 2 and n = 3 [DFOl]. 

Remark 6.2. Applying Theorem B to the case ofU(gl n ) and the Gelfand-Tsetlin 
subalgebra T , we note that V has a simple spectrum not only on finite- dimensional 
modules (which is well known) but also on generic Gelfand-Tsetlin modules. On 
the other hand, it is known not to be the case in general (see [DFOl] ). 
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